Unit 1.5

- Curve Sketching .



Advanced Highds

Outcome 4 ~ Properties of Functions

Find the vertical asymptote(s) of a rational function, (a function of the form P(_x)))
Olx

Asymptotes

An Asymptote is a straight line to which a curve approaches more and more closely as x becomes
larger or smaller, or approaches a certain value.

Use the computer or a graphics calculator to obtain the graphs of the following rational functions.

Show the asymptotes clearly and write down their equations.

L. f(x)=£ 2 f(x)=x13
A=t RICRS s

° f(r):(xhl)l(.{-f-?)_) S =

! B (x+2)x(x - 3) | flx)= (x+2))C(JL -3)
9. )= xx-zl 10. f(x)=;_21

1. f(x)=x2xi1 2. f3)=m

When using a computer or a graphics calculator, it is not always possible to be sure that you have
identified the equation of the asymptote correctly.

A little algebra will identify the equations.

You will have seen that there are vertical and non - vertical asymptotes.

Vertical asymptotes are found from the zeros of the denominator ie. are in the form x = &
The way the curve approaches the asymptotes must also be detemined.

Examples
1. (If the degree of the numerator < the degree of the denominator) :-
' e flx)= 2x+3  2x+43
= X +5x+4  (x+4)(x+1)
Vertical asymptotes occur at the zeros of the denominator
set (x+4)x+1)=0
=> x=-4 and x=-1 are asymptotes. (vertical lines)

We now have to determine how the curve approaches these asymptotes.
As x — -4~ (means x tends to -4 from a negative direction ie. x < -4)

)

7 (=)(=) — e (assign a sign to each part of the rational function and find the

net sign., -—oc means negative infinity)

cont'd ...
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AR

As x — —4" (means x tends to —4 from a positive direction ie. x > —4)

(=)

y= ( )( ) — 4eo  (assign a sign to each part of the rational function and
+)(—

find the net sign. 4+ means posiﬁve infinity)
We can show this in an asymptote diagram.

x=-4
P— (indicates y —» +o0)

(indicates y -3 ~o0) ——3 |

As x — —1" (means x tends to ~1 from a negative direction ie. x <—1)
(+)

T

— —eo  {assign a sign to each part of the rational function and

find the net sign. -« nicans negative iuﬁnity.)

As x — —1" (means x tends to -] from a positive direction ie. x > —1)

y— L)_. — e (assign a sign to each part of the rational function and

(+)(=)

find the net sign. oo means positive infinity)
We can show this in an asymptote diagram.

x=-!

I(-«— (indicates y — +eo)

(indicates y— ~e0)— |

2. (If the degree of the numerator = the degree of the denominator) :-
Flx) = x4 2x+1 _ (x+1)
X' 45x+4  (x+4)(x+1)
Vertical asymptotes occur at the zeros of the denominator
(x+4)x+1)=0
x=-4 and x = -] are asymptotes.

We now have to determine how the curve approaches these asymptotes.

As x - —4" (means x tends to —4 from a negative direction ie. x < —4)

+ . . . .
y— E% —> e (assign a sign to each part of the rational function and
find the net sign, +eo means positive infinity)
cont’d ...
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) ——es  (putasign to each part of the rational function and

" find the net sign. —eo means negative infinity)

We can show this in an asymptote diagram.
x=—4

(indicates y — 4e0)—— |

| ¢— (indicates y— —oco)

As x — ~1" (means x tends to -1 from a negative direction ie. x.<—1)

)

y -y W-) =¥ == (pul a sign to each part of the ralional Tunction and
+ ——

find the net sign. —ee means negative infinity)

As x — —1" (means x tends (o -1 from a positive direction ie. x> ~1)

(+)
(+)(+)

y— =»+ea  (putasign to each part of the rational function and

find the pet sign. e means positive infinity)

We can show this in an asymptote diagram.
x=-1

I(—— (indicates y —> +oa)

(indicates y — —e0)—— |

3, (If the degree of the numerator > the degree of the denominator) :-
Flx) = X +4x+3  (x+1)(x+3)
_ x+2 x-+2
Vertical asymptotes occur at the zeros of the denominator
x+2=0
x =—2 is an asymptote,
We now have to determine how the curve approaches this asymptotes.

As x — —27 (means x tends to —2 from a negative direction ie. x < -2)

=)+
y—= g()L)) —+ee  (put a sign to each part of the rational function and
find the net sign. +eo means negative infinity)
cont’d ....
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Exercise 1

9.

11.

(indicates y — +4<0) —— l

As x — =27 (fneans x tends to —2 from a positive direction ie. x> —2)

y—> o) — —eo{ put a sign to each part of the rational function and

(+)

find the net sign. —ee means positive infinity)

We can show this in an asymptote diagram.

x=-2

l ¢—— (indicates y — —o0)

Find all the vertical asymptotes of the following rational functions.

fix)= xi 5 2. flx)= ?%):2:—1_%
‘ _._J___ :;r+4'
f(l)—x2—2x~3 4 f(’C) xX—12
X v x(x+1)
f(x)_4—x2 6. f(l)_(x—l)(x-i-Z)
f();):(x_l)(x—4) Y f(x)zx +13
X X =
f(x)=x;:_3 10, f(x)=x2icl-4
fx) =2 2. fl)=2
x—1 x =1

Find the non-vertical asymptote of a rational function.

The non - vertical asymptote is in the form y=¢ or y=mx +c.
The way the curve approaches the asymptotes must also be determined.

Examples

1.

(Note the degree of the namerator < the degree of the denominator)
2x+3 2x+3
f (x) =3 i =
X +5x+4  {x+4)(x+1)
Divide each term of the numerator and denominator by the hichest power of r.

2.3
. —+t—=
ie. divide by x° flx)=—X % __
5,4
I+ =+—
X X
. . : 2 3 5 4
As r — too(ie large positive and negative values of x, =, =, — and —,
x x° x x

all tend to zero.)

As aresult, f(x)—> 0 andso y=0is a horizontal asymptote. (the x - axis !)
Now we must find out if the curve approaches this asymptote from above or below.

cont'd ...
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Proceed as follows.

As x = +oo, y~> 0" (above the value of 0, since the fraction will be very small
and positive)

.2, .
As x = —oo, y— 0~ (below the value of 0, since the fraction — is negative and
' Xx

.3 i .
larger than the fraction —, making the numerator negative.
X

At the same time, the denominator becqmes N
1 — fraction + fraction making the pet sign positive.)
We can show this in an asymptote diagram.

Indicates y — 0~ B = Indicates y — 0°
{from below) {from above)

(If the degree of the numerator = the degree of the denominator) :-
X 42x+l (x+1)

x)= =
&) P+ 5x+4 (x+4)x+1)
Divide the numerator by the denominator :- 1
Write as f(x)=1-~ M using long division x*+5x+4 | x*+2x+1
x"+5x+4 S —
X'+ 5x+4
-3x-3
.Now divide cach term of —Egﬂby the highest power of r
x*+5x+4
)
pal)
ie. divide by +* flx)=1- "5—x4—
(1 + S+ —7)
X X
. .. . 3 3 5 4
As x -» teo(ie large positive and negative values of x, =, —, — and —,
X x x x

all tend to zero.)

As aresult, f(x)— 1 andsoy =1 is a horizontal asymptote.

Now we must find out if the curve approaches this asymptote from above or below.

Proceed as follows.
As x = +eo,y— 17 (below the value of 1, since the fraction will be very small
and positive)

. .3 .
As x — —oo, y—> 1" (above the value of 1, since the fraction = is negative and
X

larger than the fraction —32— making the numerator negative.
X

At the same time, the denominator becomes approximately 1.
S =1 - (/1) = 1* => slightly bigger than 1.

We can show this in an asymptote diagram.

Indicatesy — 1" e = <& Indicates y - 1"
(from above) (from below)
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3. (If the degree of the numerator > the degree of the denominator) :-
) X +dx+3 (x+1)(x+3)
x)y= = -
x+2 x+2
Divide the numerator by the denominator :- x+2

using long division  x+2 | x*+4x+3

1
Write as =x+2-
rite as f{x) o

X +2x
2x+3
2x+4

=1

Now divide each term of by the highest power of .

+2

1
ie. divide by x Fflx)=x+2- x2
' i+—
X
. . : o 2
AS x — Feo(ie large positive and negative values of x, — and — tend o Zero.)
X X
Asaresult, f(x)—> x+2andso f(x)=x+2isa oblique asymptote. (slanting)
Now we must find out if the curve approaches this asymptote from above or below.

Proceed as follows.

As x = 4ee, y—(x+2)"  (below the line Sf(x)=x+2, since the fraction will be
very small and positive)

AS x— —eo, y o (x+2)"  (above the line f(x) = x + 2, since the fraction L is

X
negative and the denominator becomes 1 — fraction
making the net sign positive.)

We can show this in an asymptote diagram.

& (Indicates y — (x+2)7)

(Asymptote)
(Indicates y — (x +2)%) — ==

Exercise 2
Find the non - vertical asymptote of the following rational functions.

N f(x):xiZ 2. f(x)=;"?2_+_3
3, f(x)=;—;"152;§ + f(x):ij

S a 6. f&):ﬁ%&—?ﬁ
7. f(x)=%ﬁ 8- f(x)zijf

9 f(x)=x:i3 0. =55

0 f(x)=xx_21 12, f(x)=jx_21
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Sketch_the graph of a rational function including apprepriate analysis_of stationary

points, , .
Curve Sketching

1 Sketching the graph of a ratienal function using calculus
{a) Find all the stationary points and their nature.
(b) Find all the asymptotes and investigate the approach of the curve to each.
(c) Find all the crossings of the y axis. ﬁnd the x axis (if easily found)

Note The table of signs may be easier than finding the second derivative in order to
determine the nature of the stationary points.

Examples Sketch the following curves.
2x'+x -1  (x+1)(2x-1)
L e _(x+1)x-1)

x—1 x—1

(a)  Stationary points and their nature.

_(x—l)(4x+1)—(2xz+x—1)><1“4x2—3x—1-2x2—x+1_2x2—4x

F(&) (x—1) (x— 1)2 {(x— I)2
For S.V. f(x)=0

2x~4x =0

2x(x-2) =0

x =0 and x =2

y =1 y =9

Stationary points at (0,1) and (2,9) :
(x=1)" x(4x = 4) = (227 ~ 4x) x 2(x - 1) 4(x—1)* —dx(x—1)(x~2)

fr(x)= (x_1)4 = (x—1)4
_A(x-1)’ —4x(x-2)
(x=1)°
" (+}-0 . . . . .
f70)= O =(-) ie. (0, 1)is a Maximum Turning point.
7(2)= (—F()_,u_) 0 (+) ie. (2,9) s a‘ Minimum Tuming point.

(b) Asymptotes.

(i)- Vertical.
Vertical asymptotes occur at the zeros of the denominator
x=1=0.
x =1 is an asymptote. x=1
As x =17, y—-)—(:%)%ﬂ%—
(+)(+) N

(+) =% oo

Asx =1, y—

cont’d ....
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(c)

(ii) Nen-vertical.

Divide the numerator by the denominator :- 2x 43
Write as f(x)=2x+3+ Ll using long division x—1] 2x*+x—1
x —
2x2 —2x
3x -1
3x-3
+2
2
flxy=2x+3+ xl
l——
x

As x— oo, f(x)~2x+3 andso f(x)=2x+3 is a slant asymptote.
As ¥ — +oo, y— (2x+3)" (above) //

As x— —e2, 33 {2x+3) (below) y=

Axes crossings. /
When f(x) =0, (x+1)(2x=1)=0 je.x=—1 and x:%‘

The graph crosses the x-axis at (-1,0) and (%OJ

Whenx=0,y=1.
The graph crosses the y-axis at (0, 1) .

Sketch. y
A x =1 /y=2r+3
‘ |
A
/JI s (2,9)
Y, |
y i
S
4 [
/ (0,1 I
|

E
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25744343 2 +4x+3

2. =
f(x) xt—1 (x+1{x=-1)
(a) Stationary points and their nature.

oy (P x+4) = (20 +4x03) %20 4y 44’ —dr—d—dx’ - 827 — 6
f(x)= (x2 _1)2 = (xz—-l)z
=—4x2—10x-—4
(1)

. 1
Stationary points at (~2,1) and (——2—,—2)

)= (" ~1)"(-8x = 10) - (~4x” — 10x — 4)ax(x* - 1)
1]

—~2(x2 - 1)(4x +5) 4+ 8x(x +2)(2x+1)

EN)

=(+) ie. (-2, 1)  is a Minimum Turning point.

f”(-—-I—) = (t)+0 ={-) ie. (—%,—2}3 a Maximum Turning point.

(b)  Asymptotes.
(i)  Vertical.
Vertical asymptotes occur at the zeros of the denominator

(x+1)(x=1)=0
A=—land x=1lare asymptotes. x=-]

AS x—-1", y—-)(—_()%—)+oa
(+)
(+)(=)

As x—=-1", y—> ~> —oo |

(+) !

— —oo

(+)(-)

ASx-—>1+,y—>‘———(-_fl——++oo |

(H)(+)

Asx =17, y=—

cont’d ....
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(¢)

(ii)

Non-vertical.
Divide the numerator by the denominator :- ' 2

Write as f(x):2+4'§+f using lohg division =1 |2x* +4x+3
x —
2x’ -2
4x++5
4 5
fle) =2+ 53
I-—
X

As xr— doo, f (:&) ~— 2 and so f(x}=72 is a horizontal asymptote.
As x— +eo, y -3 27 (above)
As x ~ —oo, y— 27 (below) _ = y=2

Axes crossings.

When f(x)=0. 2x"+4v+3=0 ie hasnoreal roors since b —dac<0)
The graph does not cross the x-axis .

Whenx =0, y =-3.

The graph crosses the y-axis at (0,-3).

Sketch.

-2,1)

x =]

0,-3)!
| \ |
|
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2

Advanced Highe

Exercise 3
Sketch the following curves.
4 x-2
= x}=

) " §2—+2 x-2 " j2_+12x +5
3. f(x)=m f(x)=—"%T
5. f(x)=x§:fT+xl+5 f0)= ji_l
O -

Sketching the graph of a rational function without using cal_cu!us

{a) Find the crossings of the axes.

(b) Find the equations of the asymptotes and investigate how the curve approaches each.
(c) Find the range of values of y.

Examples
L. Sketch the curve y= Sxt3
x(3-x)
+
(a) Aty=0, Sxt3 =0 =>3x+3=0 =>x=-1 ie.(-10)
x(3 - x}

3 .
Atx=0, y = 0 (undefined) ie. does not cross the y - axis

(b)  Vertical asymptotes at x(3—x)=0 je.x=0,x=3

_ x=0
!
As x—>0‘,y—>——£~i~>—oo
- (=)+)
Asx——)O*,y—>—(+—)———>+m |
) CO R
As x—->3',y—>—(i~++oo x=3
(+)(+) I
; )
As x—>3,y>——2- 5 — oo
(+)(-) |
Horizontal/sloping asymptotes
3x 3 3 3°
_3x+3 _x2+x_2_; X
TR TR 2T
x* x? X
As x—> 1o,y 0 and so y=0 is a horizontal asymptote.
AS x——)—i—oo,y—.‘vm—)O_ , — — y=0
)

— 0f
- cont’d ....

ASx — =0,y >
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{c)

The complete.graph is as follows y

CSSS

Range of the values of y

3x+3=0

x(3-x)

3x+3='y(3x—x2) => 3x+3=3xy—x’y

Py +3x-3xy+3=0=> x’y +3x(1- y)+3=0
x*y+3x(1-y)+3=0 is a quadratic equation in x.

From y ==

Thus for real values of x , b* ~4ac>0.
ie. [3(1-y)] ~12y200r 9y*~30y+920 or 3(3y~1)(y—3)20

1
le. y< gand y23 forreal x.

1
This means that no part of the graph can lie between y = 3 and y = 3.

o

!

‘-"///"//"',/./,//-//./,’,’/."’ -

\

=

-1

-

i

x=0 x=3

We expect a (local) maximum for y < % and a (local) minimum for y > 3.

The coordinates of the turning points can be found by substitution of y = 51— and

y=3intox’y+3x(1—y)+3=0 to find the corresponding values of x ie. —3 and 1.
. A

5.4 L3)

.
L

x=0 .x
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(a)

(b)

(c)

12 12

Sketch y= =
T v -3 (x+3)(x—1)
12
(x+3}x-1)
When x =0, y = =4 Cosses the y-axis at (0, ~ 4)

When y =0, =0 ( No solution ie. does not cross the x-axis)

Vertical asymptotes at {x+3)(x—!})=0ie. x=-3 and x =1

x|=—~3

As x——)—3‘,y—>———————(f;&)—>+m :
|

As x—>—3*,y——>(£;)_)_>...w

x=|l
As xal_,ya%_)_m
As =1y -G:), RS [

+)(+)

Horizontal/slant asymptotes

12 E

- 12 _ Xt _ x°
y_x2+2x—3 x> 2x 3 2x 3
—S+5-5 It
X X x X X

As xr— teo | p— 0 andso y = 0 is a horizontal asymptote.

(+) =

As x--~>+1>o,y——>T——>O+ — y=0

)
I

AS X =3 =0,y — -0
Range of the values of y
12
T +2x—3
y(_x2 +2x—3) =[2=>x'y+2xy—3y~12
x*y+2xy-(3y+12)=0
x’y+2xy - (3y +12) = 0is a quadratic equation in x.
Thus for real values of x , &> —4ac > 0.
ie. 4y’ +4y(3y+12)20
16y* +48y =0
16y{(y+3)=0
Solve by either a table of signs or sketching the quadratic graph.
ie. y<-3 and y20

From y=

This means that no part of the graph can lie between y =—3 andy = 0
The curve so far looks like this.

‘ cont'd ....
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"4

A

o
Pl
—

//////////2

For y < -3, there is a (local) maximum.

L

—

/

/

07

\\ _

(yO)

The coordinates of the turning point can be found by substituting y = -3 into

X’y 4+ 2xy - (3y+12)=0 to find the corresponding value of xi.e. x = -1

The completed curve looks as follows.

x=-3

|
l
|
|
|
:
|
|
|
|
,' (-1,-3)
|
l
|
1
1
|
|
I
|
|
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Exercise 4

Sketch the following curves.

4x -5 xt+3
1. = 2. =

x1 -1 ‘ x—1

4(x + 2x-1
3_ =.._2___(_‘_l_.._l)_.. 4. y_-—-_ ad 3

X +2x+2 (x-1)

Further examples can be found in the following resources.
The Complete A level Maths {Orlando Gough)

Page 93 Exercise 2.3:1 Questions 1, 2,7,18,19 and 22
Understanding Pure Mathematics (A.J.Sadler/D.W.S . Thorning)

Page 342 Exercise 14A Questions 9-19.

Given the graph of a function, sketch the graphs of a related function.

(a) The graph of inverse functions

The graph of the inverse of simple functions has already been met at Higher level.
: ' , - 1 3
e.g. (i) f(x)=2x-3 has an inverse of f~!(x)= —;-(x +3) or 2% + 2

The graphs are as follows -: o

}’A /"

"

y=7x+3 e

’l
y=x

y=2x-3

It has already been shown that the graph of an inverse function can be found by
reflecting the graph of the function in the line y = x.

cont’d ....
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(i)  f(x)=e" hasaninverse of f™'(x)=Inx

The graphs are as follows -:

y=a
(D Sl = sinx has an inverse of J ) =sinTx
The graphs are as follows -:
) F:
'y F . Jr:x
114 ¥=sin-lx
2 ’
/
1 72 y=sinx
1 -—725 x
y=sin-lx 2

The inverse Sine Function is denoted by sin” x and read as sine inverse x or
arc sine x or sine to the minus 1 of x.

The inverse sine function , sin™ x , is defined as the angle whose sine is x.

If we consider the graph of Yy =sinx, we see that there is an infinite number of angles
whose sine could be x,

Consequently , in order that the inverse sine should be a true function , We must
restrict the angle concerned.

W o i : - : | & 7]
¥vu choose ihe simplest possible restriction for the angle - the closed interval [——2—5 J

A revised definition is therefore that the inverse sine function , sin™ x is the angle,

) , T .
in the closed interval [—5—2—:] whose sine is x.
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Examples

Evaluate :-
1 b/ 14
1. sin”'| — |== 2. sin”'(~1)=-=
(JE ] 4 0=-3
3. sin”™ (—-i) =z 4. sin™(0)=0
2 6
(iv)  f(x)=cosx has an inverse of f'(x)=cos"x
The graphs are as follows -
X
// y=cos! x
Ve
-1
y=cosx

The inverse Cosine Function is denoted by cos™ x and is read as cos inverse x
OT arc cos x or cos to the minus 1 of x.

In this case , we restrict the angle to the closed interval [0,7] .

The inverse cosine function is defined as the angle , in the closed interval [0,7], whose
cosine is x.

Examples
Evaluate :-
1. cos™ [3_/;.] = % 2. cos(~)=m

cont’d ....
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(v) f(x)=tanx has an inverse of f~'(x)=tan"' x,

The graphs are as follows -:

| A ¥ |
l y=tanx |
| |
l | _
| T
7
| I | s
L 2 /
| A |
, //‘J//"’yz’tagull
' i
x3 // I
) Vi 2 . ¢
| 0 |
7
y=tan-ix , // I
A |
7
i - |
V4 2
| I
I !
| |
l |
y=tanx

The inverse Tangent function is denoted by tan™ x and is read as tan inverse x or arc tan x.

: _ . T
In this case we restricl the angle to the open interval ("5’_}

. . : : . T
The inverse tangent function is defined as the angle in the open interval (-—E,E) whose

tangent is x.

Examples

Bvaluate :-

i. tan"(jl_j-)=§ 2. tan”' (=1) = ~Z

The following relationships on the next page were met at Higher level

cont'd ....
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(b)

The graph of kf(x)

o

Yy A
' - y=2sinx
A
2
!
180 360
O 90 N 270 x
-1
P \
y=sin x

The graph of f(x) is stretched vertically if £ > 1 and compressed vertically if 0 <k <].

v &

y=f(x)+k

/, A\@/;

y=f(x)—k

The graph of f(x) is moved vertically upwards if k> 0 and downwards if k < 0.

{c) The graph of f(x) + k
=41
‘.'.\ y *
y=ux'
y=xi-2
1 _
\/ ﬁ
-2
(d) The graph of flx +k)
y=(x+k) y4 y=x"y=(x—k)

—k k

o 4

vA

¥ = sin{x + 90)

y=sin{x - 90)

The graph of Ax) is moved horizontally left if k > 0 and right if k < 0.
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(e) The graph of f(kx)
)J
y=x*_4 vh y=02x) -4 0
1 ¥ =sinx ¥ =sin2x
) //h ]
NS\ /T2 T x N R - T i :*
2 2
-1
The graph of f{x) is compressed if k> 1 and stretched if k < 1.
(£} The graph of !f(x} . The Modulus Function

i

(i)

" A

" When fix) = x, f{x) is negative whe

n .y is negative.

But if fix) = Ixl, f takes the positive numerical value of x.
e.g. whenx=—3, lxl = 3 so f{x) is always positive.

The graph of f{x) = [x can be obtained from the graph of f{x) = x by simply
{tipping any parts of the graph of f(x), which appear below the x — axis, over the

X — axis.

g

fl) =3

We then reflect in the x - axis the p

f(x) =(x - I)(x - 2)

¥
% f(x) = Il

B

To sketch f{x) = 1(x — 1)(x — 2)I, we start by sketching flx) = (x — 1)(x - 2).

of this curve which is below the x — axis.

YA

fx) = 1(x - 1){x - 2)l

NN/

o 1 2 g
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(g)

Odd and Even_functions

An even function is any function whose curve has the y - axis as a line of symmetry.
Curves, having only even powers of x, are symmetrical about the y - axis.

Y 4 A

e.g.

7
Fai Y

An alternative method of defining an even function is to show that f—x) = flx)
for ali values of x. ‘

cg. () fi) = i) f)=—

X
I

f=x) = (202 = fix) fex)= 2=§=ﬂm

(-x)

An odd function is any function whose curve has 180° rotational symmetry about the

origin. Curves having only odd powers of x have 180° rotational syminetrical about
the origin.

Y 4 y =
e.g.
An alternalive method of defining an odd
function is to show that f{—x) = —f(x).
A . for all values of x.

X e.g. fx) =3
J=x) = (=x)3 = =3 =-fx)
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Write down the equations of the inverses of the following functions :

@  flx)=2x (b)  fix)=2-x ©  f=2x

@  foy=2 ©  flxy=1-2x (O fe)y=In(x-2)
Evaluate :

(a) sin™1(V312) ®  an'(A3) ©  tan(1)

@  sin'(lp) @ o=V 0 ()

P [ - PN TP -
[OLOWINE question.

Sketch the following graph of a function y = f{x) for each part of the

On separate graphs, sketch the graphs of :

(@  flx-3) (b fix+3)

()  Jix)+2 (d)  2Ax) (3,0
(€)  —x) O S /

(-1,3)

Sketch the graphs of f{x) and Ifix)l.

@ Sfxy=x+2 (b)  fx)=5-2x ©  fix)=x2-2x-3
I
@ f@=3k-2 @ f=o O fE=—2

Which of the following functions are odd, even or neither ?

@  fx)=x+4)x-2) ()  fx)=3x+5

) flx)=2x-x (d)  flx) =sin2x

-~

Further examples can be found in the follewing resources.

‘The Complete A level Maths (Orlando Gough)

Various sections on graphs.Page 105, 108, 128, 163.

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)

Various sections on graphs.Page 45, 287, 290; 342, 348.
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Exercise 1 Page 50

1 x=2 2
|
|
5 x=-2 x=2 6.
| ]
| f
9 None 10.

Exercise 2 Page 52

1. = y=0
4. = — y=1
s
7 y=x-3
/
10. y=0

I

Answers

x=-3 x=1 3 x=-1 x=3 4 x=2
l t | I |
I I | 1 |
x:-lz—2 ‘x=|1 7 x=|0 8 x=I1
[ { I I
. None 1. x=|l 12. xn—l--l x=1
i !
2. = — y=0 3. = = y=0
V/ 7
8. y=x+1 9 y=x
/ /
/ —
11 y=x+1 12. y=2

|

r- o

| 2 Bx

[

| cont’d



Y ox=1 x=2

4
=
f &
W\n _ [ W
=
bl e
fand | ¥
7 = - ._\0
-~
h= — — = Ll — — — —
tJ > _ -
. 1]y
I | | .L
o o
L ___ ||||| Ll -
> [
e~ _




Exercise 4 Page 61

y ){A xil
3 4,
%}0.2) :
N |
T = [
\/ X $—rF
(-2-2) ’ {
I
0,-D :
Exercise 5 Page 68
1. (a) Ljox (b 2-x () 2y
(d) logyx € 1-x ® 10042
2 (a) P/3 (b) Pl () Py
(d)  Plg (e) -Plg ) Pl
3 y b (—4,3) Y
@ ‘T (Z.3)  y=flx- () | M =f(x +3)
/} (5,1) - /(—6,0) P
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B

y=f(x) +2

(2,3)

Fa
LN

yA)’=x+2 J’Ayzlx+2|

/\/2/ (b)

y=x2-2x-3

NN
b (d)
3

3

page 72

Fan'nY
3

y = 2f(x)
(0.4
(2,1)
X
(1,3)

-

_ 5\y2|5—2x|
y=5-2x
3 B
X 32 x
2
y
A
y=3x-x y=13x—x?




Advanced Higher ©TeeJay Publishers 2000 Maths Support

(e) y A y A
y=x3 +l jy=Ix3+ll J
E \//1
- > i >
-1 f X -1 X

(Y
e

[ ]

5. (a) neither (b) even () odd
(d) odd (e) even () even
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Advanced Higher Maths

Properties of Functions

2001
Xl +6x+12

A function is defined by f(x) = x#-2,
: X+

{a} Express f(x) in the form ax+b+—b—2— stating the values of o and b.
X+
(b) Write down an equation for each of the two asymptotes.

{c) Show that f(x)has two stationary points.

Determine the coordinates and the nature of the stationary points.
(d) Sketch the graph of f.

{e) State the range of values of £ such that the equation f(x) = k has no selution.
(2,2,4,1, 1 marks)

2002

2
Express —— —~in the formA+—B;+L,, (x#—1), stating the values of the constants 4, Band C.
(x+1) x+1 (x+1)

2
A curve is defined by y =——+

(x + l)2 ’
(i} Write down equations for its asymptotes.
(ii) Find the stationary point and justify its nature.
(i)  Sketch the curve showing clearly the features found in (i) and (ii).

(x%—1).

(3, 2, 4, 2 marks)
2003
T Oad=e/ (1452}
The diagram shows the shape of y= " al -
x
Obtain the stationary points of the graph.
,\
/ ;
\\// X

and identify its

Sketch the graph of y =| )
I+x

three critical points.
(4, 3 marks)

www.national5maths.co.uk
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Advanced Higher Maths

2004

Determine whether the function f(x) =x"sin 2x is odd, even or neither.

Justify your answer. (3 marks)

2004

The function f is defined by f(x) =£_—;, x # -2, and the diagram shows part of its graph.
X+

FOO=(x-3)7 (s 2)

{a} Obtain algebraically the asymptotes of the graph of .
(b) Prove that f has no stationary values.
(c) Does the graph of f have any points of inflexion? Justify your answer.

(d) Sketch the graph of the inverse function f'.
State the asymptotes and domain of /™. (3, 2, 2, 3 marks)

www, national5maths.co.uk
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Advanced Higher Maths

2005

3
The diagram shows part of the graph of y = ——x—z, x£2.
x._.

FOx)=x"3/{x-2)

5

(a) Write down the equation of the vertical asymptote.

3
(b) Find the coordinates of the stationary points of the graph of y =L2.
x.._
3
+1.

{) Write down the coordinates of the stationary points of the graphof y=

x-—

{1, 4, 2 marks)

2006

."}‘

L
-
k/'/

/

-

" The diagram shows part of the graph of a function f which satisfies the following conditions:
(i) fis an even function;

(ii) two of the asymptotes of the graph y = f(x) are y=xand x=1.
Copy the diagram and complete the graph. Write down equations for the other two asymptotes.
(3 marks)

www.national5maths.co.uk
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Advanced Higher Maths
2008

Part of the graph y= 7 (x) is shown below, where the dotted lines indicate asymptotes. Sketch the graph

of y=—f (x+1) showing its asymptotes. Write down the equations of the asymptotes.

(4 marks)

1

2009

X +2x
-

The function f(x)is defined by f(x)=

(x;éil).

Obtain equations for the asymptotes of the graph of 7 (x).
Show that f(x) is a strictly decreasing function.
Find the coordinates of the points where the graph of f(x) crosses

(i} the x -axis and
(ii) the horizontal asymptote.
Sketch the graph of f(x), showing clearly all relevant features. (3, 3, 2, 2 marks)

www.nationalSmaths.co.uk
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Advanced Higher Maths

2010

The diagram below shows part of the graph of a function f(x).

State whether f(x}is odd, even or neither. Fully justify your answer.

T

(3 marks)
2011

AN

/
/

The diagram shows part of the graph of a function f(x).

Sketch the graph of | £ (x)’ showing the points of intersection with the axes. (4 marks)

2012

A function is defined by f(x) = |x+2| forall x.

{a) Sketch the graph of the function for -3 < x <3.
(b) On a separate diagram, sketch the graph of f'(x). (2, 2 marks)

www.nationalSmaths.co.uk
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Advanced Higher Maths

2013

Part of the straight line graph of a function £ (x} is shown.

\

(a) Sketch the graph of ™ (x}, showing points of intersection with the axes.
(b) State the value of & for which f(x}+k isan odd function.

(c) Find the value of % for which lf(x+ h)’ is an even function. (2, 1, 2 marks)

www.nationalSmaths.co.uk
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Advanced Higher Maths
2014

The function f(x) is defined forall x>0.
The graph of y = f(x) intersects the y-axis at (0,¢) where 0<c<5.

The graph of the function and its asymptote, y =x -5, are shown below.

YN

C _/

0

(a) Copy the diagram above.
On the same diagram, sketch the graph of y = 7~ (x)-

“wV

Clearly show any points of intersection and any asymptotes.
{b) What is the equation of the asymptote of the graph y = f(x+2)?

(c) Why does your diagram show that the equation x = #(f(x)) has at least one solution?

(4, 1, 1 marks)
2015
For some function, £, define g(x)= f(x)+f(~x) and
h(x)= 1 (%)= 1 (-x).
Show that g(x) is an even function and that h(x) is an odd function.
Hence show that f(x) can be expressed as the sum of an even and an odd function.
{4 marks)

www.nationalSmaths.co.uk



Advanced Higher Mathematics Course Summary

Functions

Critical and Stationary Points
A critical point exists where the derivative is zero or undefined.
Stationary points can be:

» maximum turning points;
» minimum turning points;
s horizontal points of inflection.

Derivative Tests

First derivative test

The first derivative test is the nature rable method used in Higher.

Second derivative test

If a stationary point exists at x =4 then the second derivative test is to

calculate f"(4).

o If /"(2)<0 then the point is a maximum turning point.
o If £"(2)>0 then the point is 2 minimum turning point.

The second derivative test may not always work; if £"(2)=0 then you
- should revert to the first derivative test.
Non-horizontal points of inflection

A non-horizontal point of inflection exists at x =4 when F"(4)=0 bur

"(a)#0 and F"(x) changes sign at x =z, i.e. the curve changes from
g g
being concave up to concave down or vice versa.

Ethn.uk.net Page 12 HSIN2 1000



Advanced Higher Mathematics Course Summary

Curve Sketching

1. Identify x-axis and y-axis intercepts.

2. Identify turning points and their nature.

3. Consider the behaviour as x — +o0.
This could be a horizontal asymptote or a slant asymptote (the equation
of which is the polynomial part after algebraic long division).

4. Check where y is undefined (this means a vertical asymptote exists).

5. Sketch the curve showing asymptotes, turning points and x- and y-axis
intercepts.

Transformations of curves

All transformations from Higher should be known.

The modulus function

To sketch the modulus of a function, take any part of the curve which is
below the x-axis and reflect it in the x-axis.

ﬁ?hsn.uknet Page 13 HSN21000



