| . " In Omnibus Carltas
A

Unit 1.4

Integration 1



Advanced Higher ©TeeJay Publishers 2000 Maths Support

Outcome 3 — Integration

Integrate an expression requiring a standard result.

Standard Indefinite Integrals
Sx) ! Ax)dx
xn+l
x" +c
n+l
‘i"b a+l
(ax + b)" _____(ax )
a(n+1)
sinx —COSX+C
COSx sinx+¢
sin{ax + b) -—icos(ax+b)+c
a
cos(ax + b) -l—-sin(ax+b)+c
a

All of the above were covered for the Higher course.
In addition the following trigonometrical identities were useful,

sin’ x = %(l —cos2x)

cos’ x = %(I +c0$2x)

Exercise 1
Integrate the following functions :-

1. flx)=8x" 2. flx)= ;67 3. flxy=Ax

L A= 5. fla)= 3";;“ ° 6 )= —=

7. f(x)=(3x+4)* 8. f(x)=(1-2x) 9. flx)= (?x_l-?)T
10, f(x)= 0 i+ 5L fw= (3; T2 S

13.  f(x)= cos(% xJ 14, Flx)=sin’x 15, flx)= cosz(%xj

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough)
Page 171 Exercise 4.1:2 Questions |, 2.

Understanding Pure Mathematics (AJ .Sadler/D.W.S.Thorning)
Page 296 Exercise [2A Questions 1, 2, 3 and
Page 373 Exercise 15G Questions 1, 3, 4, 8, 9,10, 11, 12, 13, 14.
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New Integrals

The exponential function J'e‘dx.
(a) Iff(x)=¢" then f'(x)=e" and so je’dx =e¢'+¢

(b) If f(x)=e*" then f(x)=2e* andso JZezxdx —e¥ e
e [e¥dr = Lo, .
2
(¢) If f(x)=e'"**then F(x)=-2¢"% and so I‘-Ze‘—hdx =" 4.

ie je"z‘dx =-%e"2"+c

I
In General J-e“""’dx =g ¢
a

The _logarithmic function J—l—dx

ax+b

(@) If f(x})=Inx then _f’()n:)=l and so jidx=lnx+c
x x
, 2 2
() If f(x)=1In2x then f(x)=-=  andso [Fdx=in2x+c
2x 2x
. 1
ie ZI—dx =In2x+c¢
2x

S0 El?d,x=%ln2x+c

(©) 18 £(x) =1In(3x-+2) then f(x) = 3
X

and so ———dx3 =In{3x+2)+¢
+2 3x+2

ie 3f§ﬁidx=ln(3x+2)+c

SO f I dx=lln(3x+2)+c
3x+2 3

In General ——l—dx =1 In{ax+b)+¢
ax+b a
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The_integral of Jseczxdx
(a) Iff(x)=tanx thenf’(x)=sec’x andso _[seczxdx =tanx+c

(b) If f(x) = tan3x then £ ‘(x) = 3sec?3x and so j3sec23xdx=tan3x+c

ie 3_[ sec” 3xdx = tan3x +¢

SO IseCZchixz-;-tan3x+c

|
In General J-secz(ax +b)dx = ~tan{ax +b) + ¢
a

Exercise 2
Integrate the following functions :-

1. f(x)=e* 2. f(x}=e* 3. flx)=3eT
! e o
I AR S fWers 6 ser
7. f(x)=(.e"+.¢3"")2 8. f(x)=1+xex 9. f(x)=e2‘+~%
e e
_ 6 _ 3 _ 5
0. fl)=s"= )= 12, )=
13, f(x)=sec’4x 1. flx)=sec’(m+2x) 15.  f(x)=3sec?2x

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough)
Page 172 Exercise 4.1:2 Questions 15, 18.

Understanding Pure Mathematics (AJ .Sadler/D.W.S.Thoming)

Page 480 Exercise 19A Questions 16, 17, 18, 19, 22, 23. and
Page 487 Exercise 19B Questions 26, 27, 28, 34, 35, 36.
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Definite Integrals

b

1. Jf(x)d.X= Fla)— F(b) where F'(x)= f(x)

3 3 3 3 3
Hetlare| Bax] = 2as|-[Lar)=12-2=22 o102
eg. 'i[(x +1)dx-|:-3—+x]l —[3 +3] (3-{-1) 12 3= or 10/3

Examples
Tl T _,—2[1]"2(1)(1)111
1 —dx = dx=|- = —— =] —— = —— = —_——=—
_jgxz * _jf =1, L, U2)\T5E)72737 6
5
Tl r 3 (2x—1)2 N
2 ey = | (2x -1} dx = -|:(2x~l)'2'] =92 -]?=3-1=2
'!‘1/(2x—1) ! 2x% .
1
1 1
2 -
3. jsiandx:[—-—I*COSijlz =(—~1-cosn:]—(—icos())=l+l=1
5 2 0 2 2 2 2
|
7" L
51 1 |z 1 l
4. J'sec —xdx=|2tan—x =2tan~x-2tan| ~~7 |=2x1-2%x(-1)=4
2 2 [ 4 4

-1
2

6. J=dx=[2mn(x- 3 =2n2-2In1 =2n2 = In4
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Exercise_3

Integrate the following functions :-

A () S o

6 | 1 12 ]
. ———dX 6. - 4)3dx
4. L (x+3)dx 5 '[0(4+5x)2 L {x~-4)3
f. E 2 21{ A 2
7. Jo4cos2xdx 8. I,Ecosac xdx 9. , Sin xdx
a
2 -3x ! I-x ! %
10. joe dx 11. J’Oe dx 12. _[Oedx
0
13, [ 14, [ ——dx 15, | ——dx
5x—3 03x+2 -41-2x

Further examples can be found in the following resources.

The Complete A Ievel Maths (Orlando Gough)
Page 176 Exercise 4.1:3 Questions 1, 2, 3, 4.

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)
Page 303 Exercise 12B Question I. and Page 374 Exercise [5G Questions 36, 37, 38, 41.
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Integration by Substitution

It is sometimes difficult to reduce an integral to one of the Standard integrals.

Such integrals may be made simpler by changing the variable by means of a
substitution of a new variable.

Examples (where the simple substitution is not given)
3 d
l. 21+ 2x°) dx note that —(1+2x”)=10x*
Jfiezefa (uoem L{120%)= 10")

Let u=1+2x’ then %=1014 and so x* dx=% du
The integral now becomes
Lu3afu=i><i>t: u* + ¢
10 10 4

=L (l-i-2x5)4 +c
40
2. sze"!dx (note that %(x2)=2x)

Let u=x* then—?—:Zx and so 2xdx = du
X

The integral then becomes
Je“ du = e + ¢

= & + ¢
3. Jsinzxcosx dx (note that %(sinx) = cosx )

Let u=sinx then % = cosx and so cosxdx = du
The integral then becomes

J.uz2 a’u=lu3 + c
3

——l~sin3x +c
3
Inx d |
4, —dx note that —(Inx)=—
- ( —-n)=—)
Let u=inx thcn-‘-iﬁ:i and so —l-dx=du
dx x X

The integral then becomes

Iudu =£w2 +c
2

=é(lnx)2 + ¢

page 34
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5. (2 +3) ax
Let u=2x"+ 3 thcn% =6x% and so 6x’dx =du and x* dx=% du
The integral then becomes
J%us du =%u6 +c

=3i6(2x3+ 5)6 + ¢

6. [2x(x+2) dx
Letu=x+2 then%=l and so dx=du and fromu=x+2thenx=u- 2
The integral then becomes , »
f2(u—2)u5 du=f(2u6—4u5)du=:/_—:7—§-u +02 ‘
4 =;(x+2)7—§-(x+2)6+c
X
7. I(x5+1)3 dx

Let u=x’+1 theng-ﬁz 5x* and sox”’dx:édu
X

The integral then becomes

%a’u =—I-ju‘3du=—!— ><—-l—u“2 +c= ——1~7+c
Su 5 5 2 [0u

8. jx2214 dx

Letu=x*+4 theni—:= 2x and so 2xdx =du
The integral then becomes

jfi—u=[nu + ¢

=ln(x2+ 4) + ¢

X
> jx2 +5 d
Letu=x*+5 thcn% = 2x and so 2xdx = du and xdx = %du
The integral then becomes
—;:du =—;-J%du=%lnu +c

=-é-ln(x2+ 5) +c

contd....
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10. J.tanxdx=jiiﬂdxl

cosx
Let u=cosx thcn% = —sinx and sosinxdx = ~du
The integral then becomes
.[—idu =—lnu+c
= —In{cosx) +c¢
Questions 9, 10, and 11 demonstrated the special integral of the form

J‘—';—’((x—‘%)ﬂdx=ln[f(x)]+c

Simple substitution will not be given whereas more difficult ones will be given.

Exercise 4
Integrate the following functions (no substitution given) :-

l. Ix(xz —3)5dx 2. Ixz(x3 - l)zdx
3. J-.rq}(l—xz)dx 4, Icosx.s‘in"xdx
3
5. J‘(l_—iz)gdx 6. lfx4dx
sinx cosx
7. jcos3x dx 8. I@dx
9. j—‘"—dx 10. [
3¢* -1 tanx

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough)
Page 189 Exercise 4.2:2 Questions 1,3,5,7.

Understanding Pure Mathematics (A.J Sadler/D.W.S.Thorning)
Page 320 Exercise 13B Questions 1 — 20.

Examples (where the substitution will be given)
1. J‘x1/(3x-2) dx givenu=3x-2
Letu=3x-2 then—@- =3 and sodx = ldu
dx 3

and from u = 3x -2 thenx = %(u +2)
The integral then becomes
3 5 3

l 1 1y 5 = W2 = 2 3
—(u+2Wu=du= |={u? +u? du= —| S0 + 242 |+

Jter s j9( }1 9[5 3JC

32 3
= i(3):—12)2 +-2—7(3x—~2)2 +c
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Jx(x+2)5dx given u=x+2
Let u = x + 2 then %=1 and so du = dx

and fromu=x+2thenx=u-2
The integral then becomes |

1 | 1
J(u—Z)usdu =‘[(u6 —ZuS)du = 7117 —-Eu(’ +c==(x+2) —-3;(x+2)6+ ¢

7
Iﬁdx givenu=x+4
X+ !

Yetu =x+4then -f;y-:l and so du = dx
x

and fromu=x+4thenx=u-4

The integral then becomes
! L 3 I

J-ﬂdu = _I-uz5 —dy 2dy = 3u5—2u§+c = 3(x-!—4)%—2(x+4)%+c
Ju 3 3

Integrate the following functions (substitution given) :-
J9x(3x +2)%dx where u=3x+2 2. J7x(2x +3)dx where u=2x+3

3x {1+ x%)dx whereu=1+x2 4. *—Bx—dx where u =2x +3
J(2x+3)

Further examples can be found in the following resources.

The Compiete A level Maths (Orlando Gough)
Page 186 Exercise 4.2:1 Question 1. and Page 189 Exercise 4.2:2 Question 1.

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)
Page 500 Exercise 20A Questions 3 - 9.

Examples (where the substitution will be given — Special substitutions)--

In integrals which contain the expression V(a2 - x2), one of the following could be given :

either u = V(a? — x2) or x = asing

1.

I (1 - xz)dx given x = sinf@
From x = sin8, j—; = c0s8, dx = cos0df

and V(1 - x2) = V(1 - sin28) =V(cos2@ ) = cos@
The integral becomes

[ cosBeos8dd = [ cos’0d0 = | %(1 +c0520)d = j[% + %_-cos%)de

—1—9 +lsin29 + ¢
2 4

contd....
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Exercise 6

We must return to the original variable.

Since sing= x then § = sin”lx

cosg = \/(1 —x2) and sin29— 2sing cos@ = Zx\’(f e

[y(t-+%) dx—-—sm x+—2x\!(1— B+

= “'z‘sm Ix+ —"x\/(1~x)+c

J‘—\/(—;_—dxy given x = 3sind@
9—x

From x = 3siné, % = 3cos@, dx = 3cos8d0

and V(9 — x2) = ¥(9 — 9sin2@ ) =V(9cos?g ) = 3cos@

The integral becomes

J 9sm 8. 300.5‘9
3cos8

Maths Support

6=[9sin’0 do = | 9.%(1 —c0s20)d0 = | @ - gcos%)d@

=29—2sin29 + ¢
2 4

We must return to the original variable.

Since sind = %then 6= sin"(%)

2 2 2 3
cos@ =\/(l—-sin2x)=\j9—[-'3£) = 9-%:\}9 i =‘~/9 ad

x
and sin28 = 2sing cosg = 2(3)

J hnx_z == %S""-l(g)"g (0-#")+ ¢

Integrate the following functions (substitution given) :-

—-—dx given x = sin@ 2. 4-x*)dx given x = 2sin@

JW given x = 3sin8 4, IW

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough)
Page 193 Exercise 4.2:3 Question 1,2,3,5,7.

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)
Page 500 Exercise 20A Questions 10 - 16.

page 38
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Substitu

Assuming the function is contin
exchanging the 1imits for x by the corT
substitute back after the {ntegration process.

Example
X

Let u=Xx* +4x. Then du = {2x + 4)dx; also,

Substituting gives:

-172 o
o u
J wrdu=\—
5 4

12

= 5027.75

5

EXERCISE 54
Find the following definte

-1
1 J P2+ xPdx u=x'+2
4]

(25
02+ Vx

- b
5 J «Va2x? + 3dx, n=2x2+3
0

dx, u=\/:_<+2

S - 2sinX
J_-—-—————-' dx, u=x+2cosX
o X+ 2c08X

9 J:' gipn x costxdx, U= cos X
[4]

t g

1 dx, t=Inx

11 J,; xinx

EXERCISE 5B

1 Find J

O
P “ P
sin*x + cOs™ X = 1.

LT

2 Find }" sin® x cos® xdx making the sub
i)

tion and definite integrals

wous over the interval of integration, then
esponding limits for u will save you having to

Evaluate J’[Zx +a)xt ax)* dx.

sin® xdx, using the substitution u

when x=2,u= 12; when x=1, U= 3.

integrals using the given substitution.

9 x+1 )
_ox*1 gy u=xtr2x-7

Lxt+2x -7

]‘ X
a \/1—-){2
n i
;o sInX
6 |i—romx
1+ cosX

dx, u=1- x?

dx, u=1+cC08X

i

5
8 J,’ cotxdx, u=sinx

L oginx
10 J: M2 dx, u=cosx
% gosTX
- ux ‘
12 J —-—,—'_——'——"’»'d.‘(.'t'—" g ~1
L (e.’..\ — —1)2

= cos x and remembering that

stitution u = cos X.
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The Area enclosed by a curve and the x axis

The Area enclosed by a curve and the x axis has been already met at Higher level.
A =jb f(x)dx or J'bydx = F(b)- F(a) where F(x) is the integral of f{x) ory and

a a
E(b) and F(a) are the values of F(x)atx=F/ and x = a. :

Examples

1.

Find the area enclosed by the curve f{x) = x2 + | between x =1 and x = 3.

The area is above the x -axis 3 Y Ay= 24 )
3 32 x '
) yax = | (x +1)dx.—_[-?+ljll
=0+ D-00,+1)
=> Area = E >
3 1 3x

Find the area enclosed by the curve fix) = x> — 4x - 5 and the x -axis.
The area is below the x -axis.

J‘jlydx.:ji(xz_“stpx y A

3 5
X ' = X2 — -
= [____2x2“5x1| y=x2—-4x-5

3
-1 '
= (1253 - 50 — 25) — (-3 -2 =5) \ /

= (-100,,) — (~22,,) —>
/3 3 AN 5 x
The negative indicates that the area enclosed is below the x -axis as shown.

Area = 783

Find the area enclosed by the curve f(x) = x? — 3x + 2 and the x -axis,
from x =0 to x =3.
The area lies partly above and partly below the x -axis.

A= ch: ydx =J‘01(x2 -3x+ Z)dx

3 l
= f—w*éx2+2x =56
3 2 0

Az =J.lzf(x)dx = |2(x2 -3x+ Z)dx

3 2
X 3 2
= |~ x* 4 2x| =1
[3 2" } e Ay

A3z = j; f(x)dx =j;(x2 -3x+ 2)dx

== The total area = S5 + l;6 + 56 = 1545

contd....
page 39
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Exercise 7

1. Find the area enclosed by the following curves and the x -axis between the lines given.

(a) y=3x2+2, x=0,x=2

(b) y=x3—x. x=1,x=2

2. Find the area enclosed by the following curves and the x -axis.
(A rough sketch could help}

(a) y=6+x—x2
(b) y=xx-2)x-3)

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough)
Page 176 Exercise 4.1:3 Question 5,6,7,8,9,25.

Understanding Pure Mathematics (A.J Sadler/D.W.S.Thorning)
Page 304 Exercise 12B Questions 2 - 14.

The Area enclosed between two curves

The Area enclosed between two curves has been already met at Higher level.

b
A= L [flx)- g(x)lx where the curvesf(x) andg(x) intersect at x = a and x = b

Note Provided the graph of f{x) is above the graph of g(x), their positions
relative to the x -axis does not matter.

Examples

I. Find the area enclosed between the curve y = x(4 - x) and the straight line y = x.

The curve and straight line meet where

x=x(4-x)
e x2-3x=0
x(x-3)=0 .
ie.x=0andx=3 YAy axd-x

A:J; [x(4‘x)—x]dx=_[:(3x-x2)dx 3.3

[3x2 x3]3
2 2, / x

27
—('2—"9)-0 =

YR

contd....
page 40
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2. Find the area enclosed between the curves y =(x — 1)?2 + 4 and

y=25 + 4x — x2,

The curves meet where
(x— 12 +4=5+4x - x*

e, 2x%2 _6x=0=>2x(x-3)=0
i.e. x=0andx=3

A= j: [(5+4x-x%) = (x* — 20+ 5) ix
- j;(6x ~2xYx= {3):2 —%PT

=(7-18)-0

0

=9

Exercise 8§

Find the areas enclosed by the following curves.

1. y=x(10 - x) and y = 4x. 2.
2

3. y=2\/x and y=T 4.

5. y = sinx and y = cosx 6.

A y =(x =1)*+4

(0.5

=79

= 4x — x? and y = x?~ 4x + 6.
Y

y=x +x%—5x and y = x* — x.

y%= 4ax and x? = day
(both are parabolas)

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough)
Page 176 Exercise 4.1:3 Questions 48,50,51,52.

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)

Page 303 Exercise 12B Questions 16 - 22.
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The Area enclosed by a curve and the y -axis is given by
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A =Ib flyMy or bedy = F(b) - F(a) where F(y) is the integral of f{y) or y and

F(b) and F(a) are the values of F(W aty =15 andy=a.

Examples
l. Find the area enclosed by the curve y=x* betweeny=1 and y =4, x20.
From y = x%, x = Vy = x2
I 3
4 = 2 =
= 2 gy =| Zy2
A= [ yidy [3y ]
2,2 2,2
=|—=(4)2 |-| =(1)2 >
(23 )-(3w2) g
= 165 — 214 =42
2. Find the area enclosed by the curve y = x> between y =1 and y = 8.
From y = x3, x = 3y v
3
1 4 8 ' y:x:}
8 = 3 3 3,4 3,.2
— 3dy=1—=y3| == =
A= v [4y ] (2®7)-(305)
1.
=12-% =11V -
X

Exercise 9

7~

Find the area enclosed by the following curves and the y -axis between the lines given.

1. x=y2 y=3, 2. y=x3,y=1,y=8.

1
3. x=7_;,y=2,y=3. 4. y2=1-xy=0y=1
5. y=lixdy=8y=27. 6. y=inx,y=2,y=5

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough)
Page 181 Exercise 4.1:4 Questions 16(Area only).

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)

Page 304 Exercise 12B Question 15.
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The Volume of Revolution

The volume of revolution is formed when the area bounded by a curve y = f{x),
the x - axis, x = a and x = b is rotated completely about the x —axis.

Y4 y = f(x)

"y

Example
Find the volume generated, by rotating about the x — axis, the area

enclosed by the curve y = x* — 2x% and the x — axis.
Ya
The curve crosses the x axis where

P -2?=0 y=x0 - 22
xz(x—2)=0=>x=0andx=2

2
V= _[0 n(x3 - 2x%)2dx / 2 x
2
= Io n:(x(’ — ax> + 4xty dx

2
= [lx7 —zxﬁ +ix5]

77 37 5T

27 27 27 1 1, 1) 128
S e —0=n27(————+—)=—ﬂ:
“(7 3 5) 7 3 5) 105

The volume of revolution can also be formed when the area bounded by a curve
y = f(x), the y—axis, y=aand y =b is rotated completely about the y — axis.

yi  Y=fx)
b b
V= J'Trxzdv
a
a B
x
Example
Find the volume generated, by rotating about the y - axis, the area enclosed
by the curve y =x?+ 1, x>0, the x—axis and the liney=2. Y, y=x2+ 1
\ =

Fromy=x*+1, x*=y—1 5
_ (2 1. T
V= J‘]n(y—l)dy —n{zy y:ll
=nl2-2-("2-D]

T
= e X

2
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Exercise 10

1. Find the volumes of solids of revolution formed when the regions
bounded by the following curves and the x — axis are rotated through
one revolution about the x — axis.

Sketch the curves.

(a) y:i,leandx=4 (b) y=\/x.x=0andx=4
X
1 | 1
(c) x+2y=2,x=0andx=2 (d) y=—, x==andx=—
x 3 2
() y=x(x-1 ®  y=VO-5
(g) y?=8x,x=0and x = 4 (h) y=sinx,x=0andx=N
2. Find the volumes of solids of revolution formed when the regions

in the first quadrant bounded by the following curves and the y — axis
are rotated through one revolution about the j - axis.

Sketch the curves.

(a) x=\/yandy=4 (b) xzyzandyzl
‘© xy=1l,y=3and y=6 (d y=4-x*y=-4andy=4
€ x*=2,y=2andy=4 (H) x=y’+1l,y=—landy=1

(g) y=lnx,y=2andy=5

Further examples can be found in the following resources.

The Complete A level Maths (Orlando Gough}
Page 181 Exercise 4.1:4 Questions 16(Area only).

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)
Page 304 Exercise 12B Question 15.
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Exercise 1 Page 29

1. 2x* +¢ 2.
4. 2% 5,
5

15

jo, Max+i 1.
2

13. 3sin-1—x 14.
3

Exercise 2 Page 31

1. les‘ 2.
5

4, ilnSx 5.
3

7. le“ +2x——l-e'2‘ 8.
2 2

10. 2In(3x+2) 11.

13. ltzmélrx 14.
4

Exercise 3 Page 33

1

1. -4

24
4. 38

3
7. 1

2
o 4y
13. In3

Exercise 4 Page 36

| 6
1 E(JE —3) 2
4 lsinsx 5
7 —sectx 8

10.  In{tanx)

©TeeJay Publishers 2000

Answers

£-8

X
(1-2x)
10
2

~3x+1

lx— lsian
2 4

e-!x

In(x + 5)
x—e

—%ln(l-—Zx)

g_—tan(ir—l— 2x)

12.

15.

12.

15.

Maths Support

—-—3—1n(6—7x)

2 tan2x
2

12. 282

15. In3
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Exercise § Page 37

3.

©OTeeJay Publishers 2000

1 s | 4
3‘(3x+ 2)7 ~ 5(3x+2) +c 2.

(1+x* 4 ¢

Exercise 6 Page 38

-l -x)+¢

O -x¥+¢

Exercise 7 Page 40

1.

(a) 12 (b}

Exercise 8§ Page 41

1.

4,

36

S

Exercise 9 Page 42

I.

4.

Exercise 10 Page 44

9

23

1.

(a) 12w
(e) Ix
30
(a) 8w
(e) Im
48

2154

09

(b)

(f)

223

22

111y

'

8n

36T

page 46
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'1-2,': 3y7 Zz_x 3)6
15 +3) S 2x 434

%(2x+3)% ﬂ§(2x+3)y= +c

2sin~1(*/2) + x V4 - x¥) + ¢

2.

2sin-1(*/2) - % V(4 — x2) + ¢

(a)

(c)

(g)

(©

(g)

2055 (b)
3 513
¢ 16a®

' 3
3. 243 - 242
6. ele? - 1)
2n (d)
3
641 (h)
ir (d)
6
1e!0_ ehym
2

3112

32n
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Use further integration techniques

(a) lntegrals of the form J'de and f —a-mm.dx
a”

(1) If flxy=sin~f« = fx)= 1

V1= x?
j———l-n-dr = sin”'.r+c
I~ x?

then

G If £ =sin"(£)

., I ] 1 | l l
=>_/(,r)= - X — = = x—--_-—-==—_...=:==x....
]_(_E).' 2 I———: 2 4___‘-‘- ?..
2 4 4
l y ] |
= e — = Trmr——
\/4—-.r2 2 \/4— -

Alternatively, integrate f —-*=!=.=-dr by substitution,
Va2

Let x =2, gy =24 and 4 — x2 =4 _ 412 = 4(] - 2

and V(4 — x2) =N4(1 = 12 ) =2V(1 ~ 2y

The integral I ==X becomes j ————-;-7clt

”\/—r'

‘—l.‘

Butt = (%) and so f -——\/—l—\-de = sin"(—{) +c
4 x-

In general f —=1=L.=.,dx = sin '(ij +c
Va? - ¢ Q

page 20
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(b) Integrals of the form J

,d.t and j—-—-———dx
+ - a4+ x-

. -1 ’ l
=1 = X)) =
(1) If Ax)=tan"'x > f(x) e

1hcnj l+l rdy = tan"'x +¢
X

Gy If flo= tan"(%)

, l 1 | ] ] I
: X =_'—"—-'—’—)(—= s X = = 3 X —
and S(x) ( 1’] 3 x” 3 9+ x- 3
I+ = P+ —
3 9 9
3
T 94 i
3 ] -1 X
thenj ,dx=3_|‘-——7d.r=tun - +c
9+ x* 9+ x- 3

50 j l = X = 1 {an"'(i‘ij +¢
9+ x- 3 3

Alternatively, integrate J.

1 -
5 dx by substitution.
i

Letx=3s, de=3dr and 9 + 12 = 9+ 972 = 91 + 1%

The integral f

7 dx becomes j (( et

1
)1+:3)
= -J'———-,dt = tan"'t +e

39 14t

But -;E'd' _[ ! dr = ltan"(ﬁJ
uts= = and so 91 2 = 3 ) *e
] | “1f X
In general J'-r——,dr = —tan |~ | +¢
a”+ x- a a
Integrate the following :-

1 ()
(1) J‘\/lé—r = sin [4 +c

| ! -1 X
2 .__._‘,_dx = —|; - |+
@ J‘l<5+_1r' idn [4) ¢

Examples

page 21
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1 l ! !
(3) J-_??\/S;:?;——z—tir :j"‘\])_(“?g——z—)—-dx: 'ij““z—'s--—"jrfx

9 9
I.. -1 X
:Eblﬂ -%— + ¢
l:sin"'(:;']r)
=3 5 ) te
| l ! l
T dy = 7o XU = =y
S el 4(_‘3”:) | 9,
4 4
|

Exercise |
-—'—'_"-—-—___——-‘__.—»

Integrate
[
L T 2 dx
j\/49~r “ f49
. !
3. J'de 4, fmo - dx
[
) o 6. d.
’ I\/36-25x3 ' j36+25x-’ )
2
7 J‘25+4 T 3 f\/“ ot
Evaluate
Jioo2 vz i
9 J‘! T dx 10. J;) \/i?-—dr
i 3 3]
II. —_— 12. s o
J.%\/l——xz * ‘,;’9+-t" g

Further examples can be found in the following resources.
The Complete A level Maths (Orlando Gough)

Page 193 Exercise 4.2:3 Questions 16, 17, 19, 20.

Understanding Pure Mathematics (A.J.Sadler/D.W.S.Thorning)

Page 376 Exercise |5H Questions 13 - 24.
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(c) Integrals by means of Partial Fractions.

We already know how to ex
from Unit 1, Outcome |.

We will apply these techniques to integrating rational functions.

press a rational function as a sum of partial fractions

Examples  (where the denominator has linear and different factors).

x+16
(1) j2.r3+x—~6dx

x+16 x+16 A
Let 7 = =
2 +x-6 (2x-3)x+2) 2x-3

+
xX+2

Multiply both sides by (2¢~3)(x+2) => x+ 6= Alx+2) + B(2x - 3)

3: 3—5-= -?-A => A=35

Replace with x = 5
Replace with x=-2 : |4=_78

= [B=-22

The integral becomes:

t+16 ( 5 2 }!
Py A | U N HA VN
2x +x—-6 2x =3

x+72

_—_SJ.jz-xL_gdx —ZJ‘x-ll-'Z dx

| e

In2x-3)-2In(x+2)+¢

267 +dx
2) /
‘ j(x— D(x+D2x+1)

h 2
Let Jx" +4x - A 4 B + C
(e=Dx+DC2x+1)  x—=1 x+1 2¢+1

Multiply both sides by (x = [}x + I){(2x - 1)

=> 2ei+dy= A(r+ D)(2x+ DY+ Bx - D2x+ 1)+ Cle = Dix + 1)

Putx=1: 6=06A

=>A=]
Put x = —1: -2=28B => 03 =_]
1 3 3 e
Put x = 5: _E——ZC =>(C=2
The integral becomes:~
2x° +dx 1 l 2
ix = - + dx
J‘(.3«7—l)(,wr+l)(2x-i-l)( '[.r-l e+l 2x4l

contd...
page 23
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| ] 2
j - +-———d.t=ln(.r—l)—ln(.r+l)+ln(2.r+l)+c
=1 x+1 2x+]

Note: You may find the following method of simplifying the right -hand
side useful when YOu come to first order differentia] equations in a
later outcome.

When all integrals are logarithms, ¢ can be replaced by InK since
they are both constants in different forms.

and so In(x—-l)-ln(x+l)+ln(2x+ Y+ ¢
In(x —1) ~ In(x + D+ In(2x + 1)+ Ink

m( K{x-D(2x+1)
{x+1)

il

]

) by the laws of logarithms

J-2x3+7x3—2.r—-2

3) 3
( 2x°+x~6

dx

xX+3
Use long division 2.2 4 ¢ 6)2x-‘ +7x* = 2x -2

2
20t 42 6x
-
.
6x " +4x~2

6x% +3x-18
L ToXx—ls
X+16

The integral can now he written as

jzx-‘ +7x% =25 -2

5 dx
2"+ x -6

= J‘(.r+3+"—%‘:-—l—§~6-de=J-(.r+3+—'—;r—tl—g——_Jdr
X

2x° + (2 —3) +2)
Now express v+16 in its partiaj fractions
Y _'_—_—'-—_—_-—- -
P (2x-3)(.r+2) P
X+16 A I51

Let T = +
(Cx=-3)x+2)  2¢_3 x+2

Muitiply both sides by (2x — INx+2)

= x4 16=A(.r+2)+3(2.r—3)

Putx:g: E-—-ZA => 4 =35
- ‘ 2

Putx=-2 142178 _ , =2
The integral becomes:

207 +7x% =2y -2 5 2
> dy = [{ x+3+ - d
f 2x" +x -6 J‘( Jx-3 .r+2) o
I 3

=T7x 4+ 3+ TIn(2c-3) - 2n(x +2) + ¢

—

page 24
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Exercise 2

[ntegrate
x+8 x*
e ({x 2. —— dx
J(.t+2)(.r+4) J‘x“ -4
by — S
j X" =6x-17 A n I,x 2x—-13 da
(x=-1{x=2)(x+3) vt —-2x-3

Example where the denominator has linear and repeated factors.
—8x2 +14x~15

l :
D (2e-)(x+2)

~8x*+14x-15 A B C

5 = +
(2x=1)"(x+2)  2x-1 (2x-1?* x+2

Multiply both sides by (2.x— 1) (x +2)

=>  —8x’+1dx—15 = AQx—1){x+2)+ Blx+72)+
f 5
PUtI:—-; -10==5 => B=-4
2 2 ,
Put x =-2: -75=25C => (=-=3
Putx=0; ~“15=2A+2B+C

~15=-24-8-3 => A=2

The integral becomes:

Maths Support

C(2x-1)?

~8x% +14x~15 2 4 3
. dx = J - - — dx
(2x =1} {x+2) 2e~1 (2x-1) x+2
= N2y~ 1)+ —— - 3In(x+2) + ¢
2x-1
Exercise 3
Integrate
1 15
| J-3.r +x-l;ldx 5 _[ X ...r+[0’ »
x{x+1) (x+2)(x-1)
9
0] 2 dx 4[24
(2x—-1)"(x+2) (x=2)"(x+1)

page 25
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Examples where the denominator has a linear factor and an irreducible quadratic
factor of the form x2 + 42,

x-]
M J‘(.r+l)(x2+l)dx
x-1 A  Bx+C

1[ 3

(.r+1)(x3+l) x+] * x

Multiply both sides by (x + 1)(x2 + 1)
=> X~ 1= A+ 1)+ (c+ 1)(Br + C)

Putx=-1: -2=24 == A =]
Put x = (: ~-l=A+C = (C=0
Putx= 1: 0=2A+2(B+C) == RB=]

The integral becomes:

xr=1 -1 X
J‘(.vr+l)(x2 + l)u’.r B j(.t-i-l T +I]dx

1
I+ D+ S+ 1) + ¢

il

x? +2x+]
———x
C| (x +1)
i
Let X +:x+l - i+ Bf+C
.r(x' + l) X x4+
Multiply both sides by v(x2 + 1)
B2+ ] = AL 4 D+ x(Bx + ©)
Put x = 0: l=A = 4 =]
Putx={; 4=24+8B+C =>B+C=2 }Solvegiving
Put x=-}: O0=24+B-C =B =_2 B=0C=2
The integral becomes:
Pin
J“"_————x +1..x+ ! dx = j(li- ,2 de
x(.r' + l) X oxT 4]

=lnx +2tan~ly +,

page 26
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l
) J‘(.r - 2)(.vc‘2 + 1) d
o _ A Bx+C
(x—-2)(x3+1) T ox-2 24

=> Muiltiply both sides by (x - 2)(x? + 1)
[ =A(x? + 1) + (x - 2)(Bx + C)

Putx = 2: I =54 =>4 = %

29
Putx = l=A-2C == = —5:
Putx=1: 1=24-B_C =>B=‘?l

The integral becomes:

1
1 -5 _,."5""5
J.(_r——.?)(xz-i-l)it = | -2 e |

215(.:!—2)_3[(?%}%(,:3 +1)dx
|

[ 1 ( 2x ) 2 )
_—..J. — - 3 -— 3 dx
5(x-2) 10\x*+1/) 5 <+

l | 2
- - Iy —— 2 S .
5In(.r 2) IOln(,r. + 1) 5mn I+ ¢
Exercise 4
Integrate :-
L J‘ Jx +1l » 5 J‘ Ix° +9’2.r e
(x = l)(x' + l) (x+6)(x' + !)
X X
3. dx 4, —_—
j-t4*1 f(.r+l)(x'+4)

Further examples can be found in the following resources,
The Complete A level Maths (Orlando Gough)

Page 196 Exercise 4.2:5 Questions 7, 8(i),(ii),(iii} only, 9, 10.
Understanding Pure Mathematics (A.J.SadlcrfD.W.S.Thorm’ng)

Page 488 Exercise 19B Questions 46, 47, 48.
Page 494 Exercise 19D Question 6.
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Integration by Parts
We have already used a formula to differentiate a product of two functions u(x) and v
i (uv)= uc—j-—-i-vdu
ie. o

{ {x).
ox |

dx
Integrating both sides of the above formula with respect to x

=> ( (uv))d J‘(u—-}ir-fj(v-(ﬁ{}!t
: dv du
Le. uv=j(u(—l—)dr +J(v——-)dr
Rearranging gives

(- 2

dx

or simply

judv =Ny — f velu
This formuia enables us to

as integration by parts .

integrate a product of two functions and the method is known
N.B. When choosing which function is

and which jg -d- care must be taken 1o
x
du
ensure that VT is simple enough to integrate.
14
Examples

{1 J XCOs.xdx

Let u=x and oy = cosxedlx

di=ldex and v= S
Itcos.rdx = xrsiny — Isin xdx

= XSINX + COSx + ¢
Note if we try tolet  w=cosx and dy =

xdx instead, this will lead to :-
]
du = ~sinxdx and v = — 2

| 2
frcosxdx = ;r cost+j—r sin xedx
This time

y the second integral is not any stmpler than the original.
(2) j\e dx Let w=x and dv= e*yy
du=ldyand v=¢*
j.re“dx =xe' - fe“dx
=xe' ~e¢f 4o
(3) j.rlnxdx

Let «=|nx and dv = xdy

i = lclx and v= i_‘__z
x 2
J‘xlnxdx = -I—xlln.r- J‘ix—lx!dx
2 2
=-2[—r’lnt—j-—u"c = :

2 I,
3¢ Inx - ~¢* 4
page 28
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Exercise 5

Integrate :-
l. I.t:sin xdx 2. J.tsinlrd.r
l
3. J«/Iln.rdx 4, J—]ln.rdx
X
5. I xe'dx 6. I xcosdxdx

Integration by Parts involving Repeated Applications.

Examples
(1) _[xzsinxdx Let u =x* and dv = sinxdx

du =2xdx and v = —cosx

d . el
I.r’ sinxdx = —x cosx +I2xcos.rdx

Let 1 =2x and dv = cosxdx

die =2dx and v =sinx

1 . .
~X"Ccosx+2xsinx — _[2:;111 xdx

2 .
= —x cosx+2xsinx+2cosx+c

(2) sze'rff-f Let u =x% and dv = ¢%dx

du =2xdx and v =¢f
sze"cir = xef —I2.re"'dx
Let u =2x and dv = e¢'dx
du =2dx and v =¢&*
= x%e* - [Z.re"' - _[Ze"dx]

.
= x"¢*-2xe* +2¢* +¢
Exercise 6

Integrate :-

I [x*cosxdx 2. [x?sin3xdx
3. [xledx 4. [* cos2uds
5. [xterdx 6. |redx
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Integration by Parts involving a “Dummy” Function,

Functions like Inx, sin"'x, cos™'x and tan~'x do not have 1 standard integral but have a standard
derivative.

In order to integrate them, we introduce a “dummy” function, namely the number | (one).
te. for w=Iny, u=sin"'c or y = tan~lx, let dv = | cach time.

Examples

(1 j In xdx Let « =Inx and dv = |dx
di = luf.r and v = ¢
X

fln.rd.r = xinx - j.rx‘—:-d.r

xinx - jldx

=xiny - x 4+ ¢

(2) Isin"dx Let « —qin"r and dv = {dy

du = \/_i de and v =y

fsin" dx = xsin™ _r—j-—-—-'—i—h—_fdx
| —x-
X L -
For J.Tm-:-.;—dx, use the substitution = | — y2 => dft = vy
=

Le. xdx = —ldt
9

=4

The intcgral becomes:
[

IJT j 1/_ --——f: dt——l2l7-+c‘
== \l-x? 4¢

fsin" dy = .rsin".r+\/l -x 4

Exercise 7
m

Integrate :-
.1, J‘[iln"I xdx 2. fsin"3.rdx
=1 .- l
. tan" 2xdx . SN — xd.
3 I 4, f 5 dx
5. J’cos'i xdx 6. jtan" —i—xdx
7. JII’I 2xdx Q. J‘(}nx)?‘dx
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Integration by Parts involving an_Integral that returns to its original form.

There are some integrals which return to themselves when integration by parts is used.
We have a special way of dealing with them.

Examples
(1) J-e*sinxd:c Let u =ef and dv = sinvdx

du =e'dx and v = —cosx
Ie" sinxdx =-e'cosx+ Je” cos xdx

Let 4 =& und dv =cosx

du = e' and v = sinx

x XL X which is the
= —-e'cosx+e sm.r-J‘e sin xdx original integral

Ie' sin xdx +Ie“ sinxdx =e¢'sinx —e*cosx

Le. => EIe‘ sinxdx=e'sinx—e'cosx
X f v, T
= _[e .s'm.rdx:;(e SINX—¢ Cosx)+c¢
. 2x ~ d 2.!
{2) e COSs.xdx Let u# =¢-* and dv = cosx dx

du =2e¢¥dx and v =sinx
2x dr v X .
e cosxde=¢ sm.r—EJ-e sin xdx

Let u = e and dv = sinx dx
du =2¢** dx and v = —cosx

ki . Iy
e**sinx—2[-e"*cosx + ZIez‘ cos xdx]

which is the
original integral

H

" . i 2
e~*sinx+2e~ " cosx — 4_[ e~* cos xdx

. 2 b . o)
e, => Sje““ cosxdx =e¢ " sinx +2e " cosx
irx i e - dx
=> fe cos.rdxz-;(e sinxy +2e” cosx)+c¢

Exercise 8

Integrate
1. je‘sin 2xdx 2, je"' sin.xdx
3 je‘“ cos3xdx 4. _|‘e"'cos2 xdx

Further examples can be found in the following resources.
The Complete A level Maths (Orlando Gough)

Page 199 Exercise 4.2:6 Questions [, 2,4, 5,8, 12.

Understanding Pure Mathematics (A.J.Sadler/D.W.S . Thorning)

Page 505 Exercise 20B Questions | - 25.

nage 31



Advanced Higher ©TeeJay Publishers 2000 Maths Support

Answers
Exercise 1 .
“ (5 (5)
sinl( = —lan"| = |+¢ sin”’| = [+¢
l. sin (7)+c 2. 7 7 3
! _,(.r) I _,(S,r) | _;(5 )
4, —tan” | — |+¢ —sin" '} — |+¢ —tun_ | — |[+¢
o\ 3 5 6 6 30
-1 t 24
7 gmn (——-J+c K. sin (-—]+c 9 -
10. 1. r 2. L

+ |
o

Exercise 2
[. 3in(x+2)-2In(x+4) +¢ 2. x=In(x+2)+In(x-2) +¢

3. 3ln{x-1}=3In(x-2) +In(x +2) + ¢ 4, T~ + 2 +2In(x-3) +3n(x+ 1) + €

b | —

Exercise 3

1. Inx + 2n{x+ 1) + + ¢ 2. 2n(x + 2) - In{x - 1) - + ¢
'C-l-l Vr_l
[ |
3. In{x+2Y-In(2x - 1) - + ¢ 4, ~In(x=2)—==In{x + 1) — + ¢
(x+2) A FinCe=D —gintr+ 1) - —— + ¢
Exercise 4
2 -1 13 2 -
1. Mnx- D =-In(x"+DY+tan™' x +c¢ 2. —;ln(x +1) - 12In{c+ 6 +2tan ' x + ¢
3 lln(rc+-l)+ —I—ln(t—l) —l-ln( r2+l)+c
. ;¢ 5 In€ 5 InC.
l + I 2 i X
4. —In(x" +4)= ~Inx+ D+ Ztan"' =] +¢
10 5 5 2
Exercise 5
. X b R 4
l. —YCOSX + Sinv + ¢ 2. ——cos3x+65m3x+c 3, E.n:-lnx—a.r-+c
|
4. - l,lnx—- =+ 3. xet —e' +¢ 6. —l-.rsin4x+—lcos4.r+c
2x” 4x° 4 16
Exercise 6
2, ) | 2. 2
l. X sinx+2xcosx—2sinx+¢ 2. —-——x cos3x+axsm3x+;;j;c033x +c
D oaay 1 50 1 5, | ] I .
3. =TT ——xett + =T 4o 4, —xX siN2x+—xcos2x——sin2x+c¢
2 2 4 2 2 4
5. —xle T = dre ™ — e 4o 6. et = 3xtet +6xe” — 6ot +o
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Exercise 7

- | 3 . - I
l. xtan '.r—E!n(l+x‘)+c 2. xsin '3x~{-§\f(1—9x2)+c
- [ ool 3
3. xtan 'Z_r—zln(l+4.t2)+c 4, xsin '§‘r+1/(4-—.r“)+c
5. .rcos".r—\/(l-x:)n*-c 6. .rtun"%.r—-ln(44.-.r2)+c
7. rn2x—-x+c¢ 8. .r([n.r)z—Z.tInx+2.r+c

Exercise 8

| 2. - i
l. —¢ sinZx——e'cos2x+c 2 -—e'cosx~—¢ " sinx+c
5 5 o 2 2
3 -2x . 2 -2x ¢ 2 l v 2
3. —e¢ sin3x - —e¢ “*cosdx+c 4. e cos X +—e' sin2x-—¢'cos2x+¢
13 13 5 5
[ 4 X -
, ov e+ Lefymozt Ldsin2z +C
Exercise 5A (page 77) 1o S
iB5 1 92
p s 2 (3
3 8ln2-4 4 1—%
A
1 3
5 ~(5V5 - 3V3) 6 In(3)
14 2
7 ln(—‘}—) 8 ln(\f_(i.) :
3t ’ _2 :
9 =5 10 V2 = i
e? i
a__ & i
11 11'12 2[94""1] !
Exercise 5B [Iiage 77) ;
8 7 .2
1 = 2 St

8 8 5
b ey ey b 2+2‘_1-n(3)“]
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Integration

2001

{a) Obtain partiai fractions for
— x>,
-1
(b) Use the result of (a) to find
3

[ dx, x>1. (2, 4 marks)
x -1
2002
Use the substitution x+2=2tan# 'to obtain I 5 (5 marks)
x“+4x+8
2003
N . _ 7 cos@
Use the substitution x =1+sin# to evaluate j‘ — df. (5 marks)
° (1+sing)
2004
) 1 . . .
@ Express ————— in partial fractions.
X" ~x-6
|
Evaluate j — dx. (2, 4 marks)
Ix"—x—-6

() A solid is formed by rotating the curve y =¢™* between x=0 and x =1 through 360°

about the x-axis. Calculate the volume of the solid that is formed. (5 marks)
2005

3ox
(D Use the substitution # =1+x to evaluate dx. (5 marks)
‘[" Vi+x
. .
(2 Express - in partial fractions.
X +x
' k
Obtain a formula for 7(k), where I(k) =L 5 dx , expressing it in the form lng,
X +x
where ¢ and b dependon k.
Write down an expression for ¢'® and obtain the value of lim '®. (4, 4, 2 marks)

k—m
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() (a) Given Sf(x)=+sinx, where 0 <x <, obtain (=)

(b) If, in general, f(x) = /g (x), where g(x)>0, show that f(x)= kg.(zc))
g(x

?

stating the value of k.

Hence, or otherwise, find J. ul = dx. (1, 2, 3 marks)
I—x
2006
12x° - 6x .
Find | —/—/———== dx. , 3 marks
Ix“ —x*+1 ( )
2007
2x°-9x—-6 . .
@ Express —r——— In partial fractions.
x(x —x——-6)
6 2x% — 0y
Given that j 2—2}—{—6 dx = lnfi—,
4 x(x —x—6) n
determine values for the integers m and »n. ' (3, 3 marks)

3
(2 Use the substitution & =1+x* to obtain J.l-—xm—; ax.
° (1 + x2)

5

(l+x2)

A solid is formed by rotating the curve y = between x=0 and x=1 through

2

360° about the x-axis. Write down the volume of this solid. {5, 1 marks}

www.nationalSmaths.co.uk
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2008

2

@ Express L?__x?—fﬂ in partial fractions.
x(x +5)

Hence evaluate ZM dx.

! x(x2+5)

@ Write down the derivative of tan x.
Show that 1+tan® x =sec® x.

Hence obtain j tan® x dx .

2009
nz ¢' +et 9
Show that dx=In—-.
@ J.“/e 5

2

. V2
(@ Use the substitution x = 2sin 8 to obtain the exact value of IU =
4-x

{Note that cos24=1-2sin? 4.).

www.nationalSmaths.co.uk
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Advanced Higher Maths

2010
@ Evaluate IZ 3x+3
U(x+1)(x+2)(x+3)
expressing your answer in the form lng, where ¢ and b are integ_ers. (6 marks)

(2) A new board game has been invented and the symmetrical design on the board is made

from 4 identical “petal” shapes. One of these petals is the region enclosed between the
curves y =x" and »* =8x as shown shaded in diagram 1 below.

Calculate the area of the complete design, as shown in diagram 2.

Yy ] \\ /

Diagram 2

-
-

x
[Dhagram |

The counter used in the game is formed by rotating the shaded area shown in
diagram 1 above, through 360° about the y-axis.
Find the volume of plastic required to make one counter. (5, 5 marks)

201
13-x . . . 13-x
@ Express —————— in partial fractions and hence obtain I 5 (5 marks)
X" +4x-5 X" +4x-5
(2 Obtain the exact value of L%(secx—x)(secx+x) dx. (3 marks)
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2012
Use the substitution x =4sin@ to evaluate _f:\llﬁ—xz dx. ' {6 marks)
2013

@ The velocity, v, of a particle P attime ¢ is given by
v=e"4+2¢

(2) Find the acceleration of P at time ¢.

{b) Find the distance covered by P between =0 and f=In3. {2, 3 marks)
sec’3x
@ Integrate —————— with respect to x. (4 marks)
[+tan3x
2014

@ A semi-circle with centre (1,0) and radius 2, lies on the x-axis as shown.

Find the volume of the solid of revolution formed when the shaded region is
rotated completely about the x-axis.

4

(5 marks)
(2 Use the substitution x =tan# to determine the exact value of
1 dx
jo——y. (6 marks)
(l+x2) z
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i = 9 mark
Find '[(x—S)(x2+l) dx, x>3. {9 marks)

www.nationalSmaths.co.uk



Advanced Higher Mathematics Course Summary

Integration

1 Standard integras

" n+l
Ix de=2— 4. I(ax+b) dx = ﬂ+c
n+1 a(n+1)
Jsinxdx;z—cosx+c : Icosxdx=sinx+c

[sin(ax+6) dx=—kcos(ax+b)+c  [cos(ax+b)de=ksin(ax+b)+c

Iseczx dx =tanx +c

J\/#dx=sin4x+c ljﬁdxzsin"l(%)+c

1 1
dx=tan” x+c¢ J dx=Ltan™ (£)+¢
J1+x2 4 —x ? (%)
Iex dx=e"+¢ Jem”b dxz-}z-eaﬁb +¢
J-;lc-abc=ln|x|+c de=Lln|ax +b|+¢

ax+b

| 2 Integratlon by Substltut:on'
To find I f(x) dx using the subst1tut10n u= u(x)

1. find @ and rearrange to get dx in terms of du;

2. replace dx by this expression and replace #(x) with #%

3. integrate with respect to #.
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Advanced Higher Mathematics Course Summary

l Use the substitution # = x* — 8 to find _[xs (x2 - 8)% dx.

du d.

Given u=x> -8, —=2x s0 dx =22 Then
dx 2x
,[x3(x2 —8)%dx=.[x3u%@
2x
=%_—J‘x2u%du
=%I(u+8)ul" du

= 7“ iy Su%)du

=%(%u% +2T4u%)+c

=2 (x*-8) +3(x*-8) +c.
To find a definite integral, you should change the limits to be in terms of #.
 Areas

The area berween two curves or between a curve and an axis can be
calculated as in Higher.

Vol.umes.of Solids of Revolution
The solid formed by rotating a curve between x =4 and x =4 about the

x-axis has volume V = _[j 7ry2 dx.

Partial fractions and Integration
Partial fractions can be used to integration rational functions.

EXAMPLE

1 IR TR I U VR P
J(x+1)(x—3)dx_4j(x_3 x_Hde £(In]x =3[~ In}x +1]) +c.




